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Abstract
Let X be a Banach space. For describing the space P(C[0,1],X) of absolutely summing operators from
C[0,1] to X in terms of the space X itself, we construct a tree space tree1 (X) on X. It consists of special trees
in X which we call two-trunk trees. We prove that P(C[0,1],X) is isometrically isomorphic to tree1 (X).
As an application, we characterize the bounded approximation property (BAP) and the weak BAP in terms
of X∗-valued sequence spaces.
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Let X and Y be Banach spaces. Recall that a linear operator T :X → Y is said to be absolutely
summing if there exists a constant C  0 such that
n∑
k=1
‖T xk‖ C sup
{
n∑
k=1
∣∣x∗(xk)∣∣: x∗ ∈ X∗, ∥∥x∗∥∥ 1
}
for every choice of elements x1, . . . , xn in X. The minimum value of the constant C is called
the absolutely summing norm of T and is denoted by ‖T ‖P . The Banach space of absolutely
summing operators from X to Y , equipped with the norm ‖ · ‖P , is denoted by P(X,Y ).
It is well known that every absolutely summing operator factors through some Banach space
C(K) of continuous functions on a compact Hausdorff space K . There is a vast literature on
absolutely summing operators from C(K)-spaces to Banach spaces; see, e.g., [5] and [6] for
results and references. In this paper, we are interested in the classical case K = [0,1].
The main aim of this paper is to describe the space P(C[0,1],X) in terms of the space X
itself. This aim is motivated by our recent investigations [8–15] on the classical bounded approx-
imation property (BAP) and its weak counterpart (see Section 5 for these notions). We construct
a tree space on X (see Section 2) and we prove that P(C[0,1],X) is isometrically isomorphic to
this tree space (see Section 3). Our tree space will be called the 1-tree space on X and denoted
by tree1 (X). It consists of special trees in X which will be called two-trunk trees. The represen-
tation theorem for P(C[0,1],X) from Section 3 is applied in Sections 4 and 5 to study tree1 (X∗)
as a dual Banach space, to derive a representation theorem for the Banach space CX[0,1] of
continuous X-valued functions on [0,1], and to characterize the weak BAP and the BAP of X in
terms of X∗-valued sequence spaces. Among others, we prove that the Banach space 1(X) of
absolutely summable X-valued sequences nicely embeds in tree1 (X).
Our representation of P(C[0,1],X) relies on linear B-splines. Since the linear splines are
known to be efficient for both computational and implementation purposes, our representation of
absolutely summing operators might also be useful in Numerical Analysis.
Our notation is standard. We consider Banach spaces over the real field R. We denote by
L(X,Y ) the Banach space of all bounded linear operators from X to Y , and we write L(X)
for L(X,X). Besides the operator ideal P of absolutely summing operators, we also need the
ideals I and N of integral operators and of nuclear operators. Integral and nuclear norms of
operators are denoted by ‖ · ‖I and ‖ · ‖N , respectively. For P , I , and N , we refer to the books
by Diestel, Jarchow, and Tonge [5], Pietsch [17], and Ryan [18]. And we refer to the books by
Diestel and Uhl [6] and Ryan [18] for the classical approximation properties and tensor products.
2. Two-trunk trees and the 1-tree space
Let X be a Banach space. Recall that a (standard) tree in X is a system ((xk,2n)2nk=1)∞n=0 of
elements of X with the property that
xk,2n = 1x2k−1,2n+1 +
1
x2k,2n+12 2
2888 Å. Lima et al. / Journal of Functional Analysis 259 (2010) 2886–2901for all n = 0,1, . . . and k = 1,2, . . . ,2n. Hence, a tree looks as follows:
x1,1
x1,2 x2,2
x1,4 x2,4 x3,4 x4,4
where, for each connecting line, its connecting coefficient is 1/2.
The first element x1,1 is called the trunk of the tree. The elements x1,2n , x2,2n , . . . , x2n,2n are
said to be on the same (n-th) level, or to form the n-th (year) growth.
The study of trees in Banach spaces was initiated by James in his seminal paper [7]. By now,
there is a vast literature on various variants of trees and related tree spaces. For our purpose, we
need to introduce the following version of tree which will be called a two-trunk tree (not to be
pronounced “too drunk tree”).
Definition 2.1. Let X be a Banach space. We say that a system ((xk,2n)2
n
k=0)∞n=0 of elements of X
is a two-trunk tree in X if for all n = 0,1, . . . and k = 1,2, . . . ,2n − 1
xk,2n = 12x2k−1,2n+1 + x2k,2n+1 +
1
2
x2k+1,2n+1 ,
x0,2n = x0,2n+1 +
1
2
x1,2n+1 ,
x2n,2n = 12x2n+1−1,2n+1 + x2n+1,2n+1 .
A two-trunk tree looks as follows:
x0,1 x1,1
x0,2 x1,2 x2,2
x0,4 x1,4 x2,4 x3,4 x4,4
where connecting coefficients are 1 for the vertical lines and 1/2 for the sloping lines.
Compared to a standard tree which has 2n elements on its n-th level, a two-trunk tree has
2n + 1 elements on its n-th level.
Our basic example, which is also a prototype of our concept of a two-trunk tree, is the two-
trunk tree in C[0,1] consisting of linear B-splines.
Example 2.2. For n = 0,1, . . . , let Sn denote the space of all linear splines on the interval [0,1]
with the knots {k/2n: k = 0,1, . . . ,2n}. The spline space Sn, equipped with the maximum norm
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basis (gk,2n)2
n
k=0 where gk,2n ∈ Sn, k = 0, . . . ,2n, are defined by the conditions
gk,2n
(
k
2n
)
= 1 and gk,2n
(
j
2n
)
= 0 if j = k.
If g ∈ Sn, then clearly
g =
2n∑
k=0
g
(
k
2n
)
gk,2n .
The functions gk,2n , n = 0,1, . . . , k = 0,1, . . . ,2n, are called linear B-splines (“B” comes
from “basis”). Sometimes they are also called “the second order cardinal B-spline functions”
(see, e.g., [4]). (The functions gk,2n are generated by the scaling function ϕ :R → R, ϕ(t) =
1 + t for t ∈ [−1,0], ϕ(t) = 1 − t for t ∈ [0,1], and ϕ(t) = 0 for t /∈ [−1,1]; so that gk,2n(t) =
ϕ(2nt − k), t ∈ [0,1]. But we shall not need this description of the functions gk,2n .)
Since
gk,2n =
2n+1∑
j=0
gk,2n
(
j
2n+1
)
gj,2n+1
and, by the definition of the gk,2n ,
gk,2n
(
j
2n+1
)
=
⎧⎨
⎩
0, for j /∈ {2k − 1,2k,2k + 1},
1, for j = 2k,
1
2 , for j ∈ {2k − 1,2k + 1},
it is immediate that ((gk,2n)2
n
k=0)∞n=0 is a two-trunk tree in C[0,1]. Its trunks are g0,1 = g0,1(t) =
1 − t and g1,1 = g1,1(t) = t, t ∈ [0,1].
Definition 2.3. Let X be a Banach space. The 1-tree space tree1 (X) consists of all two-trunk
trees x = (xk,2n) = ((xk,2n)2nk=0)∞n=0 in X such that
‖x‖ := sup
n
2n∑
k=0
‖xk,2n‖ < ∞.
Thus, the space tree1 (X) is defined as a subspace of the space ∞(
2n+1
1 (X)). In the next
section, we shall prove that tree1 (X) is isometrically isomorphic to P(C[0,1],X). Hence, in
particular, tree1 (X) is a Banach space.
Before proceeding to the description of P(C[0,1],X), let us reformulate the notion of a two-
trunk tree in terms of connecting matrices.
Looking at Definition 2.1, for n = 0,1, . . . , denote by Mn the matrix whose k-th row is formed
by the coefficients of xk,2n in (x0,2n+1 , x1,2n+1 , . . . , x2n+1,2n+1). The matrix Mn is of order (2n +
1) × (2n+1 + 1), and we have
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(
1 1/2 0
0 1/2 1
)
,
M1 =
(1 1/2 0 0 0
0 1/2 1 1/2 0
0 0 0 1/2 1
)
,
M2 =
⎛
⎜⎜⎜⎝
1 1/2 0 0 0 0 0 0 0
0 1/2 1 1/2 0 0 0 0 0
0 0 0 1/2 1 1/2 0 0 0
0 0 0 0 0 1/2 1 1/2 0
0 0 0 0 0 0 0 1/2 1
⎞
⎟⎟⎟⎠ ,
etc. By Example 2.2, we can write that Mn = (gk,2n( j2n+1 ))k=0,1,...,2n; j=0,1,...,2n+1 .
Considering Mn = (mnkj ) as the matrix operator from X2
n+1+1 to X2n+1 defined in a usual
way, i.e.,
Mn(x0, x1, . . . , x2n+1) =
( 2n+1∑
j=0
mnkjxj
)2n
k=0
,
we have the following reformulations.
Proposition 2.4. Let X be a Banach space. A system ((xk,2n)2
n
k=0)∞n=0 of elements of X is a two-
trunk tree in X if and only if for all n = 0,1, . . .
(xk,2n)
2n
k=0 = Mn
(
(xj,2n+1)
2n+1
j=0
)
,
and
tree1 (X) =
{
(zn)
∞
n=0 ∈ ∞
(
2
n+1
1 (X)
)
: zn = Mnzn+1
}
.
It is easily computed that for Mn :2
n+1+1
1 (X) → 2
n+1
1 (X) one has ‖Mn‖ = 1. Therefore, in
Proposition 2.4, ‖zn‖ ‖zn+1‖, n = 0,1, . . . , and∥∥(zn)∞n=0∥∥= limn ‖zn‖.
3. A representation theorem for the absolutely summing operators on C[0,1]
Let X and Y be Banach spaces. Let Tn ∈ L(Y,X) be such that the limit Ty := limn Tny ex-
ists for every y ∈ Y . It is a well-known result from Banach’s thesis [1, p. 157] that then (Tn)
is bounded in L(Y,X), T ∈ L(Y,X), and ‖T ‖ supn‖Tn‖. The following version of Banach’s
result is now immediate from the definition of absolutely summing operators (see the Introduc-
tion).
Lemma 3.1. Let X and Y be Banach spaces, and let Tn ∈ P(Y,X). If the sequence (Tn) is
bounded in P(Y,X), and for every y ∈ Y the limit Ty := limn Tny exists, then T ∈ P(Y,X) and
‖T ‖P  supn‖Tn‖P .
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tree1 (X), by the mapping
T → ((T gk,2n)2nk=0)∞n=0, T ∈ P(C[0,1],X),
where gk,2n , k = 0,1, . . . ,2n, are the linear B-splines on [0,1] with knots 0/2n,1/2n, . . . ,2n/2n.
The inverse mapping
(
(xk,2n)
2n
k=0
)∞
n=0 → T
is given by
Tf = lim
n
2n∑
k=0
f
(
k
2n
)
xk,2n , f ∈ C[0,1].
Proof. 1) Let us start with some preparation. For n = 0,1, . . . , define projections Pn from
C[0,1] onto its subspace of linear splines Sn (see Example 2.2) by
Pnf =
2n∑
k=0
f
(
k
2n
)
gk,2n , f ∈ C[0,1].
Since Pnf ∈ Sn and (Pnf )(k/2n) = f (k/2n), k = 0,1, . . . ,2n, meaning that Pnf is the piece-
wise linear interpolant of f (Pnf agrees with f at the knots and interpolates linearly in between),
PmPn = Pn for m n,
‖Pnf ‖ = max
{∣∣∣∣f
(
k
2n
)∣∣∣∣: k = 0,1, . . . ,2n
}
, f ∈ C[0,1],
and therefore ‖Pn‖ = 1. Since Pn1 = 1, we have
2n∑
k=0
gk,2n = 1.
Using the uniform continuity of f on [0,1], it follows that Pnf −→n f in C[0,1].
2) Let T ∈ P(C[0,1],X) be arbitrary. Since ((gk,2n)2nk=0)∞n=0 is a two-trunk tree in C[0,1] and
T is a linear operator, zT := ((T gk,n)2nk=0)∞n=0 is a two-trunk tree in X.
Recall that [0,1] can be identified with a weak* compact norming subset of B(C[0,1])∗ (by the
correspondence t → δt , where δt (f ) = f (t), f ∈ C[0,1]). Therefore, by the Pietsch domination
theorem (see, e.g., [5, p. 44]), there exists a regular Borel probability measure μ on [0,1] such
that for each gk,2n
‖T gk,2n‖ ‖T ‖P
1∫ ∣∣gk,2n(t)∣∣dμ(t).0
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2n∑
k=0
‖T gk,2n‖ ‖T ‖P
1∫
0
2n∑
k=0
gk,2n(t) dμ(t) = ‖T ‖P , (1)
showing that zT ∈ ∞(2n+11 (X)), hence zT ∈ tree1 (X) as desired, and ‖zT ‖ ‖T ‖P . Moreover,
the mapping T → zT is clearly linear. To show that it is also an isometric mapping, it suffices to
prove that ‖T ‖P  ‖zT ‖.
Since Pnf → f for every f ∈ C[0,1], also T Pnf → Tf for every f ∈ C[0,1]. The sequence
(T Pn) is bounded in P(C[0,1],X) because ‖T Pn‖P  ‖T ‖P‖Pn‖ = ‖T ‖P for all n. Hence,
by Lemma 3.1,
‖T ‖P  sup
n
‖T Pn‖P . (2)
In fact,
‖T ‖P = sup
n
‖T Pn‖P = lim
n
‖T Pn‖P
because, as we saw, ‖T Pn‖P  ‖T ‖P , and ‖T Pn‖P = ‖T Pn+1Pn‖P  ‖T Pn+1‖P .
We shall now estimate ‖T Pn‖P from above. Let In :Sn → 2n+1∞ be defined by Ing =
(g(k/2n))2nk=0. Then
‖Ing‖ = max
{∣∣∣∣g
(
k
2n
)∣∣∣∣: k = 0,1, . . . ,2n
}
= ‖g‖,
and In is a linear isometry, whose inverse mapping I−1n is given by
I−1n α =
2n∑
k=0
ek(α)gk,2n , α ∈ 2n+1∞ ,
where e0 = (1,0, . . . ,0), . . . , e2n = (0, . . . ,0,1) are the unit vectors in (2n+1∞ )∗ = 2
n+1
1 .
The operator T Pn being of finite-rank, we can look at its nuclear norm ‖T Pn‖N . We have
‖T Pn‖P  ‖T Pn‖N =
∥∥T I−1n InPn∥∥N  ∥∥T I−1n ∥∥N
=
∥∥∥∥∥
2n∑
k=0
ek ⊗ T gk,2n
∥∥∥∥∥N 
2n∑
k=0
‖ek‖‖T gk,2n‖
=
2n∑
‖T gk,2n‖. (3)
k=0
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‖T Pn‖P =
2n∑
k=0
‖T gk,2n‖ (4)
because replacing T with T Pn in (1) yields that
2n∑
k=0
‖T gk,2n‖ =
2n∑
k=0
‖T Pngk,2n‖ ‖T Pn‖P .
From (2) and (3), it is clear that
‖T ‖P  ‖zT ‖.
This proves that the mapping T → zT is an isometric isomorphism of P(C[0,1],X) into
tree1 (X).
3) Let now z := (zn)∞n=0 := ((xk,2n)2
n
k=0)∞n=0 ∈ tree1 (X) be arbitrary. Set
Tnf =
2n∑
k=0
f
(
k
2n
)
xk,2n , f ∈ C[0,1].
Then Tn ∈ F(C[0,1],X) and Tngk,2n = xk,2n for k = 0,1, . . . ,2n, because gk,2n(j/2n) = δkj .
Hence, TnPnf = Tnf,f ∈ C[0,1], and, since Tn ∈ P(C[0,1],X), using (4), we have
‖Tn‖P = ‖TnPn‖P =
2n∑
k=0
‖Tngk,2n‖ =
2n∑
k=0
‖xk,2n‖ ‖z‖.
Next we show that the sequence (Tn) converges pointwise in L(C[0,1],X). Since the func-
tions gk,2n , n = 0,1, . . . , k = 0,1, . . . ,2n, span a dense subset of C[0,1] and the sequence (Tn)
is bounded in L(C[0,1],X), it suffices to prove that the limit limn Tngj,2m exists for every gj,2m ,
m = 0,1, . . . , j = 0,1, . . . ,2m. We know already that Tmgj,2m = xj,2m . Recalling about matri-
ces Mn and Proposition 2.4, we have
(Tm+1gj,2m)2
m
j=0 =
( 2m+1∑
k=0
gj,2m
(
k
2m+1
)
xk,2m+1
)2m
j=0
= Mmzm+1 = zm,
in particular, Tm+1gj,2m = xj,2m for each j = 0,1, . . . ,2m. Consequently, Tm+2gk,2m+1 = xk,2m+1
for each k = 0,1, . . . ,2m+1, and therefore
Tm+2gj,2m = Tm+2
( 2m+1∑
gj,2m
(
k
2m+1
)
gk,2m+1
)
k=0
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2m+1∑
k=0
gj,2m
(
k
2m+1
)
xk,2m+1 = Tm+1gj,2m
= xj,2m.
Continuing similarly, we get that for each nm
Tngj,2m = xj,2m, j = 0,1, . . . ,2m.
Hence limn Tngj,2m = xj,2m for each m = 0,1, . . . and j = 0, . . . ,2m.
It follows that (Tn) converges pointwise. Thus the operator T is well defined, T ∈
P(C[0,1],X) by Lemma 3.1, and T → z because T gj,2m = xj,2m . 
Remark 3.1. Let X be a Banach space, let Σ be the σ -field of Borel sets in [0,1], and let G be
a countably additive vector measure of bounded variation with values in X. Then we can define
T ∈ P(C[0,1],X) by Tf = ∫ 10 f dG for f ∈ C[0,1] (see [6, p. 162]). The formula
Tf = lim
n
2n∑
k=0
f
(
k
2n
)
xk,2n
in Theorem 3.2 can be rewritten as follows:
1∫
0
f dG = lim
n
2n∑
k=0
f
(
k
2n
) 1∫
0
gk,2n dG.
In the special case when X = R and G = m, the Lebesgue measure on [0,1], this formula looks
as follows:
1∫
0
f dm = lim
n
1
2n+1
(
f (0) + 2f
(
1
2n
)
+ 2f
(
2
2n
)
+ · · · + 2f
(
2n − 1
2n
)
+ f (1)
)
,
which is the Trapezoidal Rule for numerical integration.
Let us denote tree1 = tree1 (R). It is essentially well known that P(X,R) = X∗ and ‖f ‖P =‖f ‖, for all f ∈ X∗. This easily follows from the fact that if f ∈ X∗, then
n∑
k=1
∣∣f (xk)∣∣= ‖f ‖ n∑
k=1
∣∣∣∣ f‖f ‖ (xk)
∣∣∣∣ ‖f ‖ sup
{
n∑
k=1
∣∣x∗(xk)∣∣: x∗ ∈ X∗, ∥∥x∗∥∥ 1
}
for every choice of elements x1, . . . , xn in X. The following is now immediate from Theorem 3.2.
Corollary 3.3. Through the canonical isometric isomorphism μ → (μ(gk,2n)) ∈ tree1 , μ ∈
C[0,1]∗, one has the identification
C[0,1]∗ = tree1 .
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property of Banach spaces; see [6, pp. 217–218] for a summary containing more than twenty
equivalent formulations of the Radon–Nikodým property. Below, ⊗ˆ = ⊗ˆπ stands for the (com-
pleted) projective tensor product.
Corollary 3.4. A Banach space X has the Radon–Nikodým property if and only if
tree1 ⊗ˆ X = tree1 (X),
where the canonical isometric isomorphism is given by the mapping (ak,2n) ⊗ x → (ak,2nx),
(ak,2n) ∈ tree1 , x ∈ X.
Proof. By the above, tree1 ⊗ˆ X = C[0,1]∗ ⊗ˆ X = N (C[0,1],X) (the latter equality is well
known and it holds because C[0,1]∗ has the approximation property (see, e.g., [18, p. 76])) and,
under this identification, the elementary tensor (ak,2n) ⊗ x corresponds to the operator μ ⊗ x,
where ak,2n = μ(gk,2n), μ ∈ C[0,1]∗. It is known (see, [6, pp. 174–175]) that X has the Radon–
Nikodým property if and only if N (C[0,1],X) = P(C[0,1],X) with the equality of nuclear and
absolutely summing norms. By Theorem 3.2, P(C[0,1],X) = tree1 (X) and the operator μ ⊗ x
corresponds to the two-trunk tree ((μ ⊗ x)(gk,2n)) = (μ(gk,2n)x) = (ak,2nx) ∈ tree1 (X). 
Remark 3.2. It is well known (see, e.g., [18, p. 19]) that for every Banach space X, one has
1 ⊗ˆ X = 1(X),
where the canonical isometric isomorphism is given by the same mapping, as in Corollary 3.4,
namely, (an) ⊗ x → (anx), (an) ∈ 1, x ∈ X.
4. Preduals of tree1 (X
∗) and a representation theorem for CX[0,1]
An easy application of Theorem 3.2 shows that tree1 (X
∗) is a dual Banach space. Indeed, let
X be a Banach space. By the well-known results of Grothendieck (see, e.g., [5, p. 99] and [18,
p. 67]),
P(C[0,1],X∗)= I(C[0,1],X∗)= (C[0,1] ⊗ˇ X)∗
as Banach spaces, where I denotes the ideal of integral operators and ⊗ˇ = ⊗ˆε stands for the
(completed) injective tensor product. Hence, by Theorem 3.2, tree1 (X∗) is isometrically isomor-
phic to (C[0,1] ⊗ˇ X)∗, so that C[0,1] ⊗ˇ X is a predual of tree1 (X∗).
The fact, that tree1 (X
∗) is a dual Banach space, can also be seen in a straightforward
manner, without having recourse to Theorem 3.2. Indeed, tree1 (X
∗) is a closed subspace of
∞(2
n+1
1 (X
∗)) = ∞((2n+1∞ (X))∗) = (1(2n+1∞ (X)))∗. We shall show that tree1 (X∗) = Z⊥, the
annihilator of some closed subspace Z of 1(2
n+1∞ (X)), to be specified below. In particular,
tree1 (X
∗) is a weakly* closed subspace of (1(2
n+1∞ (X)))∗ and a dual Banach space.
Definition 4.1. Let X be a Banach space. Let us define Z to be the closed subspace of
1(2
n+1∞ (X)) spanned by the sequences of the form(
0, . . . ,0, zn,−M∗nzn,0,0, . . .
)
, n = 0,1, . . . ,
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transpose of the matrix Mn (see Section 2).
Proposition 4.2. Let X be a Banach space. Then tree1 (X∗) = Z⊥ in (1(2
n+1∞ (X)))∗.
Proof. Let z∗ = (z∗n)∞n=0 ∈ tree1 (X∗), where z∗n = (x∗k,2n)2
n
k=0 ∈ 2
n+1
1 (X
∗) = (2n+1∞ (X))∗. Let
z = (0, . . . ,0, zn,−M∗nzn,0,0, . . .), for some fixed n, with zn = (xk,2n)2nk=0 ∈ 2
n+1∞ (X). Then
z∗(z) = z∗n(zn) − z∗n+1
(
M∗nzn
)= z∗n(zn) − (Mnz∗n+1)(zn) = z∗n(zn) − z∗n(zn) = 0
(see Proposition 2.4). Hence, tree1 (X∗) ⊂ Z⊥.
On the other hand, if z∗ := (z∗n)∞n=0 ∈ ∞(2
n+1
1 (X
∗))\tree1 (X∗), then z∗n = Mnz∗n+1 in
2
n+1
1 (X
∗) = (2n+1∞ (X))∗ for some fixed n. Hence, there is zn ∈ 2n+1∞ (X) such that z∗n(zn) =
(Mnz
∗
n+1)(zn). Using the above notation, we get by the above that z∗(z) = 0. Hence,
z∗ /∈ Z⊥. 
Since Z⊥ can be canonically identified with (1(2
n+1∞ (X))upslopeZ)∗, we immediately have the
following result.
Corollary 4.3. Let X be a Banach space. Then tree1 (X∗) is isometrically isomorphic to
(1(2
n+1∞ (X))upslopeZ)∗.
Thus, tree1 (X
∗) has two preduals: C[0,1] ⊗ˇ X and 1(2n+1∞ (X))upslopeZ. Theorem 4.4 below
will provide a description of C[0,1] ⊗ˇ X, which will show, in particular, that these preduals
are isometrically isomorphic. For completeness, let us recall that two preduals of a dual Banach
space need not be isomorphic, in general. For instance, 1 = c∗0 and also 1 = (C(ωω))∗, where
C(ωω) denotes the Banach space of continuous functions on the compact Hausdorff space ωω of
ordinal numbers  ωω, but c0 is not isomorphic to C(ωω) (see [2]).
For a Banach space X, let us denote by Φ :P(C[0,1],X∗) → ∞(2n+11 (X∗)) the into isom-
etry given by Theorem 3.2. Recall that ranΦ = tree1 (X∗). Identifying P(C[0,1],X∗) with
(C[0,1] ⊗ˇ X)∗ and ∞(2n+11 (X∗)) with (1(2
n+1∞ (X)))∗, we have
Φ :
(
C[0,1] ⊗ˇ X)∗ → (1(2n+1∞ (X)))∗.
Theorem 4.4. Let X be a Banach space. Define Ψ :1(2n+1∞ (X)) → C[0,1] ⊗ˇ X by
Ψ
(
(xk,2n)
2n
k=0
)∞
n=0 =
∞∑
n=0
2n∑
k=0
gk,2n ⊗ xk,2n ,
where gk,2n , k = 0,1, . . . ,2n, are the linear B-splines on [0,1] with knots 0/2n,1/2n, . . . ,2n/2n.
Then Ψ is a quotient mapping, kerΨ = Z, and Φ = Ψ ∗.
Proof. First of all, Ψ is correctly defined, because the defining series converges absolutely in
C[0,1] ⊗ˇ X. Indeed, let ε = ‖ · ‖ε denote the injective tensor norm. Denoting zn = (xk,2n)2n ∈k=0
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n+1∞ (X) and recalling that C[0,1] ⊗ε X can be identified with a subspace of L(X∗,C[0,1]),
we have
∥∥∥∥∥
2n∑
k=0
gk,2n ⊗ xk,2n
∥∥∥∥∥
ε
= sup
‖x∗‖1
∥∥∥∥∥
2n∑
k=0
x∗(xk,2n)gk,2n
∥∥∥∥∥
C[0,1]
= sup
‖x∗‖1
max
0k2n
∣∣x∗(xk,2n)∣∣= max
0k2n
‖xk,2n‖ = ‖zn‖,
where the second equality holds because a linear spline attains its extremal value at some of its
knots. Since ‖(zn)‖ =∑n ‖zn‖ < ∞, Ψ is correctly defined and linear. We also clearly have that‖Ψ ‖ 1.
Let now T ∈ P(C[0,1],X∗) = (C[0,1] ⊗ˇX)∗ and (zn) = ((xk,2n)2nk=0) ∈ 1(2
n+1∞ (X)). Then
(ΦT )(zn) =
(
(T gk,2n)
2n
k=0
)
(zn) =
∞∑
n=0
2n∑
k=0
(T gk,2n)(xk,2n)
=
∞∑
n=0
2n∑
k=0
〈T ,gk,2n ⊗ xk,2n〉 =
〈
T ,Ψ (zn)
〉= (Ψ ∗T )(zn),
meaning that Φ = Ψ ∗. Since Ψ ∗ is an into isometry, it is well known (see, e.g., [17, B.3.9]) that
Ψ is a quotient mapping. Using Proposition 4.2, we also have
kerΨ = (ranΨ ∗)⊥ = (tree1 (X∗))⊥ = (Z⊥)⊥ = Z. 
It is well known (see, e.g., [18, p. 49]) that the Banach space CX[0,1] can be identified with
C[0,1] ⊗ˇ X. Since Ψ is a quotient mapping with kerΨ = Z, the following representation result
is immediate from Theorem 4.4.
Theorem 4.5. C[0,1] ⊗ˇX and CX[0,1] are both isometrically isomorphic to the quotient space
1(2
n+1∞ (X))upslopeZ.
5. Bounded approximation properties and embedding 1(X) in tree1 (X)
Let X be a Banach space. We denote by F(X) the subspace of L(X) of finite-rank operators.
Let IX denote the identity operator on X.
Recall that a Banach space X is said to have the approximation property (AP) if there exists a
net (Sα) ⊂ F(X) such that Sα → IX uniformly on compact subsets of X. If (Sα) can be chosen
with supα‖Sα‖ λ for some λ 1, then X is said to have the λ-bounded approximation property
(λ-BAP). Recently, the weak bounded approximation property was introduced in [10]: X has the
weak λ-bounded approximation property (weak λ-BAP) if for every Banach space Y and for
every weakly compact operator T :X → Y there exists a net (Sα) ⊂ F(X) such that Sα → IX
uniformly on compact subsets of X and supα‖T Sα‖ λ‖T ‖.
By [12] (see [15] for a simpler proof), the weak λ-BAP and the λ-BAP are equivalent for a
Banach space X whenever X∗ or X∗∗ has the Radon–Nikodým property. It remains open whether
the weak λ-BAP is strictly weaker than the λ-BAP. If they were equivalent, then, by [10], the
2898 Å. Lima et al. / Journal of Functional Analysis 259 (2010) 2886–2901answer to the long-standing famous open problem (Problem 3.8 in [3]), whether the AP of a dual
Banach space implies the 1-BAP, would be “yes”. For a recent survey on bounded approximation
properties, see [16].
Recall that I denotes the ideal of integral operators. In [9, Theorem 1.3 and Corollary 3.4]
we proved that X has the λ-BAP if and only if for every T ∈ I(C[0,1],X∗) there exists a net
(Sα) ⊂ F(X) such that Sα → IX pointwise and lim supα‖S∗αT ‖I  λ‖T ‖I . It is well known that
I(C[0,1],X∗) = P(C[0,1],X∗) with equality of norms (see, e.g., [5, p. 99]). By Theorem 3.2,
if T ∈ P(C[0,1],X∗) is canonically identified with ((x∗k,2n)2
n
k=0)∞n=0 ∈ tree1 (X∗) and S ∈ F(X),
then S∗αT is canonically identified with ((S∗x∗k,2n)2
n
k=0)∞n=0. Hence, the BAP of X can be charac-
terized in terms of the X∗-valued sequence space tree1 (X∗) as follows.
Theorem 5.1. Let X be a Banach space and let 1 λ < ∞. The following statements are equiv-
alent.
(a) X has the λ-BAP.
(b) For every (x∗k,2n) = ((x∗k,2n)2
n
k=0)∞n=0 ∈ tree1 (X∗) there exists a net (Sα) ⊂ F(X) such that
Sα → IX pointwise and lim supα‖(S∗αx∗k,2n)‖ λ‖(x∗k,2n)‖.
Recall that N denotes the ideal of nuclear operators. In [8] we proved that X has the weak
λ-BAP if and only if for every T ∈ N (X, 1) there exists a net (Sα) ⊂ F(X) such that Sα → IX
pointwise and lim supα‖T Sα‖N  λ‖T ‖N . It is well known that N (X, 1) is isometrically
isomorphic to 1(X∗) since both spaces can be identified with the projective tensor product
X∗ ⊗ˆ 1 (see, e.g., [18, pp. 19–20, 76]). It can be easily verified that a linear isometry between
N (X, 1) and 1(X∗) is explicitly given by the mapping T → (T ∗en), T ∈ N (X, 1), where
(en) is the unit vector basis of c0. And the inverse mapping (x∗n) → T , (x∗n) ∈ 1(X∗), is given by
T x =∑∞n=1 x∗n(x)e∗n, x ∈ X, where (e∗n) is the unit vector basis of 1. Therefore, if T ∈ N (X, 1)
is canonically identified with (x∗n) ∈ 1(X∗) and S ∈ F(X), then T S is canonically identified
with (S∗x∗n). Hence, the weak BAP of X can be characterized as follows.
Theorem 5.2. Let X be a Banach space and let 1 λ < ∞. The following statements are equiv-
alent.
(a) X has the weak λ-BAP.
(b) For every (x∗n) = (x∗n)∞n=1 ∈ 1(X∗) there exists a net (Sα) ⊂ F(X) such that Sα → IX point-
wise and lim supα‖(S∗αx∗n)‖ λ‖(x∗n)‖.
Since the λ-BAP of X implies the weak λ-BAP of X, condition (b) of Theorem 5.1 implies
condition (b) of Theorem 5.2. However, to see the latter implication, there is no need to have
recourse to the approximation properties (i.e. conditions (a) of Theorems 5.1 and 5.2): our final
result Theorem 5.3 shows that 1(X∗) embeds in tree1 (X∗) in the way that makes the implication
hold.
It is an easy exercise to show that 1 embeds isometrically in C[0,1]∗. Since tree1 = C[0,1]∗
(see Corollary 3.3), 1 = 1(R) embeds in tree1 = tree1 (R). It is not clear a priori that 1(X)
embeds in tree1 (X) for an arbitrary Banach space X. Our final purpose is to prove that this is
indeed the case, and moreover, 1(X) embeds in tree1 (X) in such a way that the embedding
respects all bounded linear operators on X. To make this precise, we need some notation.
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S(xn) = (Sxn), (xn) = (xn)∞n=1 ∈ 1(X),
S˜(xk,2n) = (Sxk,2n), (xk,2n) =
(
(xk,2n)
2n
k=0
)∞
n=0 ∈ tree1 (X).
It is straightforward to verify that S ∈ L(1(X)), S˜ ∈ L(tree1 (X)), ‖S‖ = ‖S‖ = ‖S˜‖,
and the mappings S → S and S → S˜ are linear isometries from L(X) into L(1(X)) and
into L(tree1 (X)), respectively. Thus, one can naturally embed L(X) both in L(1(X)) and
L(tree1 (X)). The following result shows that there exists a linear isometry from 1(X) into
tree1 (X) which identifies S with S˜ for all S ∈ L(X).
Theorem 5.3. Let X be a Banach space. Then there exists a linear isometry ϕ from 1(X) into
tree1 (X) such that ϕS = S˜ϕ for all S ∈ L(X).
Proof. We shall construct ϕ as the pointwise limit of a sequence ϕm ∈ L(1(X), tree1 (X)).
Let x = (xn)∞n=1 ∈ 1(X). We define ϕ1x = (z1n)∞n=0 ∈ tree1 (X) as follows. We first put z11 =
(x1, x2, x3), and define z10 = M0z11. Then, departing again from z11, we put z12 = (x1,0, x2,0, x3),
z13 = (x1,0,0,0, x2,0,0,0, x3), . . . . Thus, z1n+1 is obtained from z1n, n = 1,2, . . . , by inserting
zeros between the components of the previous vector z1n. To define ϕ2x = (z2n)∞n=0 ∈ tree1 (X), we
first put
z22 = z12 + (0, x4,0, x5,0) = (x1, x4, x2, x5, x3).
Then, departing from z22, we define z
2
1 = M1z22, z20 = M0z21, and we define z23, z24, . . . as above,
by inserting zeros between the components of z22, z
2
3, . . . . In general, to define ϕmx = (zmn )∞n=0 ∈
tree1 (X), we first put
zmm = zm−1m + (0, x2m−1+2,0, x2m−1+3, . . . ,0, x2m+1,0).
Then zmm−1, z
m
m−2, . . . , z
m
0 are defined by
zmn = Mnzmn+1, n = m − 1,m − 2, . . . ,0,
and zmm+1, z
m
m+2, . . . are defined by inserting zeros between the components of the previous vec-
tor. This latter procedure can be formalized by introducing the (2n+1 +1)× (2n +1) matrices An
with
A1 =
⎛
⎜⎜⎜⎝
1 0 0
0 0 0
0 1 0
0 0 0
0 0 1
⎞
⎟⎟⎟⎠ , A2 =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0
0 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 1 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, . . . ,0 0 0 0 1
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for n = m,m + 1, . . . , m = 1,2, . . . .
This construction guarantees that zmn = Mnzmn+1 for m = 1,2, . . . , n = 0,1, . . . , so that ϕmx =
(zmn )
∞
n=0 ∈ tree1 (X) (see Proposition 2.4). We also clearly have that ϕm is linear and ϕmS = S˜ϕm,
m = 1,2, . . . , S ∈ L(X).
To estimate the norm of ϕmx, set s = ‖x‖ = ‖x1‖ + ‖x2‖ + · · · , and sn = ‖x1‖ + · · · + ‖xn‖.
If n = m,m + 1, . . . , then, by construction,
∥∥zmn ∥∥= ∥∥zmm∥∥= s2m+1.
Hence (see Proposition 2.4),
‖ϕmx‖ = lim
n
∥∥zmn ∥∥= s2m+1  s = ‖x‖,
so that ϕm ∈ L(1(X), tree1 (X)), m = 1,2, . . . , and
‖ϕmx‖ −→m ‖x‖, x ∈ 1(X).
Similarly,
‖ϕmx − ϕm−1x‖ =
∥∥zmm − zm−1m ∥∥= ∥∥(0, x2m−1+2, . . . ,0, x2m+1,0)∥∥= s2m+1 − s2m−1+1,
so that for m > n
‖ϕmx − ϕnx‖ s2m+1 − s2m−1+1 + s2m−1+1 − · · · + s2n+1+1 − s2n+1 = s2m+1 − s2n+1 −−→m,n 0.
Hence, the limit
ϕx := lim
m
ϕmx
exists for all x ∈ 1(X), and ϕ ∈ L(1(X), tree1 (X)). Moreover,
‖ϕx‖ = lim
m
‖ϕmx‖ = ‖x‖, x ∈ 1(X),
meaning that ϕ is isometric, and for all S ∈ L(X),
ϕSx = lim
m
ϕmSx = lim
m
S˜ϕmx = S˜ϕx, x ∈ 1(X). 
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